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The Gabriel-Popescu Theorem states essentially that every Grothendieck category is (up to 
equivalence) of the form (R,a)-mod, i.e., the quotient category of some left module category 
R-mod, by some Serre subcategory T, associated to an idempotent kernel functor D. It follows 
that every Grothendieck category is a Giraud suncategory of a left module category. 
In this paper, we study the relationship between derived functors in a Grothendieck category 
C and a Giraud subcategory D. With C=R-mod, the foregoing thus yields methods to study 
derived functors in arbitrary Grothendieck categories from knowledge about derived functors 
in R-mod. 
1. Introduction 
Although (right) derived functors (of left exact functors) were originally introduced 
in the context of plain module categories, or even just in the category of abelian 
groups, it is well known, of course, how to extend the appropriate definitions and 
calculations to arbitrary Grothendieck categories. On the other hand, the Gabriel- 
Popescu theorem [3] states essentially that every Grothendieck category is (up to 
equivalence) of the form (R,a)-mod, where this category stands for the quotient 
category of the category R-mod of left R-modules by some Serre subcategory T, 
associated with an idempotent kernel functor 0. Of course, this is only one way of 
introducing the category (R, a)-mod. For other (equivalent) definitions of this quo- 
tient category, we refer to StenstrDm’s monograph [12], Gabriel’s original paper [2] 
or to [5], etc. Let us point out that (R, a)-mod may also be viewed as a (strict) 
Giraud subcategory of R-mod, where the localization functor Q, associated to d 
plays the role of a reflector - we will come back to this below. The purpose of this 
note is to study the behaviour and relationship between derived functors in R-mod 
(= the archetype of a Grothendieck category) and in (R,a)-mod (= an arbitrary 
Grothendieck category). 
As an example, consider the category S(X, ax) of sheaves of modules over some 
ringed space (X, fix). It is well known that the sheaf 9 = @(fix 1 U)x (where U 
* Supported by an N.F.W.O. grant. 
0022-4049/90/$03.50 0 1990 - Elsevier Science Publishers B.V. (North-Holland) 
106 B. Hendrickx, A. Verschoren 
runs through the open subsets of X, where (- 1 U) denotes the restriction to U and 
where (-)x denotes the extension to X by zero) is a generator for S(X, ax). So it 
may be used in the Gabriel-Popescu representation of S(X, 6’x), i.e. we may choose 
R to be the endomorphism ring of FJ and o some suitably adapted idempotent kernel 
functor in R-mod. In principle, we are thus able to study derived functors in 
S(X, gx) (e.g. of internal Horn-functors, or of support functors, if one is interested 
in local cohomology), through their counterparts in R-mod. However, in practice 
the ring associated to S(X, fix) and KJ is much too big and does not really reflect 
the ‘internal’ structure of S(X, fix) anymore. On the other hand, S(X, 19~) is easily 
checked to be a Giraud subcategory of P(X,@,), the category of presheaves of 
modules over the ringed space (X, 6’x) and the latter category is reasonably well- 
understood! 
This last fact, and the realisation that the Gabriel-Popescu representation is 
usually too coarse for proper study (starting from an immense module category 
R-mod and cancelling out ‘most of it’, by taking quotients) urged us to start our 
set-up from a rather broader, and far more practical point of view, i.e. we start from 
a Giraud subcategory D of some Grothendieck category C and we relate derived 
functors in C and in D. This set-up encompasses the case of (R,o)-mod within 
R-mod, as well as the case of sheaves within presheaves. 
2. Generalities 
2.1. Let us start from an arbitrary Grothendieck category C. A subcategory’ D of 
C is said to be a Giraud subcategory, if the canonical inclusion i: D c C possesses 
a left adjoint a : C -+ D, which is exact. This adjoint is then called the reflector of 
C into D. We call D a strict Giraud subcategory of C, if D is closed under isomor- 
phisms in C, i.e., if u : D -+ D’ is an isomorphism in C and if D belongs to D, then 
so does D’. Since every occurring Giraud subcategory in this text will be strict, we 
shall usually just speak of a ‘Giraud subcategory’, when a strict Giraud subcategory 
is meant. The Gabriel-Popescu theorem (or at least one of its equivalent forms) then 
says: (up to equivalence) every Grothendieck category is a Giraud subcategory of 
a category R-mod of left R-modules over some suitable chosen ring R. Since, con- 
versely, one may easily show that every Giraud subcategory of a Grothendieck 
category is a Grothendieck category as well, the classification of ‘all’ Grothendieck 
categories (up to equivalence) is thus reduced to finding all Giraud subcategories of 
R-mod. Here, the final answer is given through the use of abstract localization 
theory. 
2.2. Recall that an idempotent kernel functor in R-mod is, by definition, just a left 
exact subfunctor (T of the identity in R-mod, with the supplementary property that 
’ Unless otherwise stated, all subcategories in this note will be full. 
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o(M/aM) = 0 for any ME R-mod. To such a 0 we may associate a torsion class T,, 
consisting of all ME R-mod with aM=M, a torsionfree class F,, consisting of all 
MER-mod with aA4=0 and a Gabriel filter L(o), consisting of all left ideals L of 
R such that R/L belongs to T,. Moreover, any of these data completely determine 
the others and C. For example, for any R-module IV, the submodule oM consists 
of all m EM such that Lm = 0 for some L E L(a). Finally, to CJ we may also associate 
a localization functor Q,, with for each ME R-mod, a localization morphism 
j, : M+ Q,(M) (the so-called ‘localization map’) and given by 
Q,(M) = lim Horn, (L, M/aM). 
L E L(0) 
2.3. Although the definition of Q, seems rather technical (and actually is!), it really 
just generalizes the usual notion of localization in the commutative case. Let us give 
some examples. 
Assume R to be a commutative ring and let p be a prime ideal of R. We define 
(T~_~ by letting 
o,_,M={mEM: 3s~R-p, sm=O}, 
for any ME R-mod and one easily verifies o&p to be an idempotent kernel functor 
in R-mod, indeed. The associated Gabriel filter consists of all ideals I of R not con- 
tained in p, whereas, with o= o&p, the associated localization functor Q,(-) is 
given, for any R-module M, by Q,(M) =MP, the usual localization of A4 at the 
prime ideal p. 
As another example, let R be noetherian, for simplicity’s sake and let Z be an ideal 
of R. We define the idempotent kernel functor o1 in R-mod by defining for each 
R-module M the submodule a,(M) as consisting of all m E A4 such that Pm = 0, for 
some positive integer n. In this case, L(al) consists of all ideals of R containing 
some positive power of I. Let us write QI for Q,,. If I= (f) is some principal ideal 
generated byfe R, then the localization functor QI is given by Q,(A4) = Q&V) = Mf, 
the localization of M at the multiplicatively closed subset ( 1, f, f 2, . . .) generated by 
f. If I is not a principal ideal, then we still have Q,(M) = Z(X(Z),@), where X(Z) c 
Spec(R) is the Zariski open subset containing all prime ideals p which do not contain 
Z and where &f is the quasicoherent sheaf on Spec(R) canonically associated to M. 
This result, whose proof is given in [16] in a much more general context, is usually 
referred to as Deligne’s formula. 
2.4. Back in the general case, let us say that an R-module is a-closed if the localizing 
morphism j0:A4-+ Q,(M) is an isomorphism. We denote by (R,a)-mod the sub- 
category of R-mod consisting of all a-closed left R-modules. It is endowed with a 
canonical inclusion i, : (R, a)-mod + R-mod as well as with a functor a, : R-mod + 
(R, a)-mod: M+ Q,(M), which is easily seen to be an exact left adjoint of i,. In 
other words: (R,a)-mod is a Giraud subcategory of R-mod. Moreover, one may 
prove that (i) (R, a)-mod is equivalent to R-mod/T,, the quotient category of R-mod 
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by the Serre subcategory T,, whose underlying object class is the torsion class 
associated to o and (ii) up to equivalence, every Giraud subcategory of R-mod (and, 
hence, every Grothendieck category!) is of this form. 
Actually one can prove that this phenomenon arises in every Grothendieck category 
(and not only in R-mod): to any Giraud subcategory D of a Grothendieck category 
C one may associate the localizing subcategory T= Ker a of C, consisting of all 
objects C in C with aC=0, and show that D may be identified with the quotient 
subcategory C/T. The localizing subcategory T corresponds to an idempotent kernel 
functor 0 on C, whose torsion class consists exactly of the objects in T, whose tor- 
sionfree class consists of the objects C in C, with the property that the canonical 
morphism C -+ aC is monomorphic and, finally, whose associated localisation func- 
tor is the functor ia in C. For further details we refer to [14], e.g. 
3. Stability and derived functors 
3.1. Let D be a Giraud subcategory of the Grothendieck category C, with canonical 
inclusion i : D c C and reflector a : C +D. We denote injective hulls in C resp. D 
(unique up to non canonical isomorphism) by EC resp. ED. We say that D is stable 
if for any C in C with aC=O, we have that aE,-(C) =O, as well. In other words, D 
is stable* exactly when the localizing subcategory T = Ker a of C is closed under in- 
jective hulls. We will also call the idempotent kernel functor associated to D in C 
stable, in this case. 
Examples of stable Giraud subcategories will be given below. Let us just mention 
that it has been proved in [2] that every Giraud subcategory of R-mod is stable, if 
R is a commutative noetherian ring. The proof of the next result essentially follows 
from [9] and [8]; we include its proof for completeness’ sake. 
3.2. Proposition. The Giraud subcategory D of C is stable if and only if ED(aC) = 
aE,(C) (up to canonical isomorphism) for any C in C. 
Proof. If aC= 0 for some object C in C then aEo(C) =En(aC) = 0 as well, hence 
D is a stable Giraud subcategory of C, indeed. 
Conversely, it is well known that E is injective in D if and only if E is torsionfree 
and injective in C. Choose C in C and let us now prove that aE,(C) is an injective 
hull of aC in D. If C is in the torsion class then the stability of D shows that aC= 0, 
indeed yields aEo(C) =0= En(aC)! On the other hand if C is in the torsionfree 
class, then EC(C) is torsionfree and injective and hence a&(C)sE,(C). Therefore 
E,(C) is an injective object in D containing aC. It is enough to prove that aC is 
2 Let us point out that sometimes, instead of calling D stable, the localizing subcategory T is said to 
be stable. However, since one usually does not have to refer to T itself explicitly, we have preferred to 
use this terminology. We hope this will not cause any ambiguity. 
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essential in E,-(C) in the category D. If D is a subobject of E,(C) in D then 
Dtl C= 0 since C is essential in E,(C). But then 
O=CnLlra(Cno)=aCnD 
(the last intersection taken in D!), which shows that aC is essential in E,(C). Finally, 
if C is neither torsion nor torsionfree, then the stability of D shows that E,-(C) 
decomposes as E,(C) =K@ L, where K is the torsion part of E,(C), which is again 
injective by the stability of D, hence splits off as a direct summand, and where L 
is then torsionfree. Clearly a&(C)=aL. Moreover, if we put C’= CnL, then 
L =E,(C’) and from the inclusions 
aC’caCcaE,(C)=aL=a&(C’)=E,(aC’) 
(since C’ is torsionfree, being a subobject of L), it follows that a&.(C) is essential 
over aC in D, hence that a&(C) = E,(aC). 
3.3. Let us call a morphism U: C -*D in C a D-isomorphism, if both Ker(u) and 
Coker(u) belong to T. Equivalently, if au is an isomorphism in D. It then clearly 
follows that the composition of two D-isomorphisms is again a D-isomorphism. The 
next two propositions generalize related results in [7] and [16]. 
3.4. Proposition. Assume D, and D, are stable Giraud subcategories of C with 
associated reflectors a, resp. a2 and inclusions i, resp. i2. Let ak = ikak (k= 1,2), 
then ala2 = a2a1. 
Proof. (The present proof is inspired upon related results for modules in [16,14] and 
Ill], e.g.) Let T,=Ker ak, the torsion class associated to Dk and denote by ok the 
associated idempotent kernel functor in C. 
First, let us note that for any CE T, , we have a2CE T, (as well as the similar state- 
ment with the roles of D, and D2 reversed). Indeed, if a, C= 0, then a,(C/a,C) = 0, 
hence a,E(C/o,C) = 0, as well, since D, is stable. On the other hand, E(C/a2C) E D,, 
since it is 02-torsionfree (as the injective hull of C/a2C, which is a,-torsionfree) 
and injective (hence a,-injective), cf. [4], e.g. But then the canonical inclusion 
C/a2C c E(C/a2C) yields a monomorphism 
whence a,a,C c a, E(C/02C) = 0 and a2C E T, , indeed. 
Next, we claim that ola2 = a201 (and again similarly with the roles of Di and D, 
reversed). To start, from the fact that C and o1 C are o,-torsionfree, it easily follows 
that C/a,C is a2-torsionfree for any a2-torsionfree object C in C, cf. [4], for 
example. Now, for any object C in C the exact sequence 
O-ta,C-+C+C/a~C-+O (1) 
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induces an exact sequence 
Here ora2a,C= a2aiC, by the first part of the proof, since a,C is certainly 
or-torsion. Moreover, a,a2(C/a,C) =O. Indeed, if C/~,CET~, this is obvious. If 
not, then C/arc= (C/orC)/c~~(C/arC) is a non-zero or-torsionfree object (by the 
foregoing), so from crl a,(C/o, C) fl C/a, C = ai(C/a, C) = 0 and the essentiality of 
a2(C/o,C) over C/arc, it follows that a,a2(C/olC) =O, indeed. This proves that 
a201 = ora (and of course a, o2 = cr2al as well!). 
To conclude, first consider a al-torsion object C. Since the minimal injective 
resolution of C consists of al-torsion objects (by the stability assumptions!) and 
since this may be used to calculate (R’a,)C, this shows that (R’a2)C is o,-torsion. 
Now, if C is an arbitrary object in C, then, from the exact sequence (l), one deduces 
the exact sequence 
hence the canonical morphism a2C + a2(C/ol C) is a D,-isomorphism. On the other 
hand, with r, C = Coker(C/oi C -+ a, C) E T, , there is another exact sequence 
proving that a2(C/alC) + azalC is also a D,-isomorphism. But then, so is the com- 
position azC+ a,alC, which thus uniquely extends to a morphism ala2C+ ~0, C. 
One deduces in a similar way a morphism a,a,C+ a,a2C and a straightforward 
unicity argument then yields that these morphisms are mutually inverse to each other. 
Somewhat more precisely, we also have: 
3.5. Proposition. If D, and D, are stable Giraud subcategories of a Grothendieck 
category C, then so is D, fl D,. 
Proof. We use the same notations as in the previous proposition. For any object 
C in C, let o12C denote the kernel 
o~2C=Ker(C+alC+azalC) 
= Ker(C+ azC+ a,a,C). 
It is clear that this defines a left exact subfunctor o12 of the identity in C. We claim 
that or2 is actually an idempotent kernel functor in C, i.e., that we also have 
oi2(C/alzC)=0 for any object C in C. Indeed, from the exact sequence 
0 + o12C-+ C+ a,a,C 
it follows that 
0+alaz(a12C)-+ala2C+ala2(alaZC)=ala2C 
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whence ala,(olzC) = 0. The canonical morphism C/ot2C-’ a,az(C/al,C) factorizes 
through 
Both of these maps are injective: the first by the very definition of a,,C and the 
second by the fact that its kernel (=a,a,(alzC)) vanishes by the foregoing. So, 
a&C/o&) = Ker(C/o,,C + alaz(C/at2C)) = 0, indeed. 
It is clear that ot, 02<or2. Conversely, consider an idempotent kernel functor 
or, cr21 r’, then we claim that or25 r. Indeed, if C is ar2-torsion, then a,a,C= 0, so 
a2C is at-torsion, hence certainly r-torsion, i.e. a2rC=sa2C=a2C. But then, 
a,(C/sC) = 0 and C/rC is a,-torsion, hence r-torsion. So, C= rC, i.e., C is r-torsion, 
which proves the assertion. We have thus verified that ot2 is just the supremum 
crl V ~7~. Denote by al2 the localization functor associated to o12. We claim that 
al2 = ala2 = a2al. To prove this, it clearly suffices to show that ala2C is or2-closed 
for any object C in C, i.e. that for any monomorphism u : C, + C2 with or,-torsion 
cokernel, the canonical map 
Homc(C2, a1a2C) + Homo(C,, ata2C) 
is bijective. Now, since al and a2 commute, a,a,C is both o,- and 02-closed, hence 
we have 
Hom,(Cj,a,azC) = Homc(aiC,,ata2C) = Homc(ala2Ci,a,a,C) 
for i= 1,2. Finally, since u induces an isomorphism ala,(u) : ala2C, + a,a2C2, this 
clearly proves the assertion. 
Let D,, denote the Giraud subcategory of C associated to o12, i.e. the sub- 
category of C consisting of all objects C in C such that the canonical morphism 
Cd a,,C is isomorphic. Since ala2=a2al =a12, clearly D,,= Dt nD,, so in par- 
ticular, D, flD, is a Giraud subcategory of C and it is associated to o1 V u2. 
It remains to prove that D, fl D2 is stable. Let us mention that an arbitrary idem- 
potent kernel functor r on C is stable if and only if rE is injective for every injective 
object E in C, or equivalently if SE splits off as a direct summand of E. So, consider 
an injective object E in C, and let us prove that KE is injective with K =alVa2. 
Since or is stable, E= a,E @ L, where a,E is injective and L is a,-torsionfree and 
injective. It follows that KE = Ka,E 0 KL = a,E @ KL, hence it is enough to prove 
that KL is injective. Using the stability of 02, we can decompose L as L = rs2L @ M, 
where M is a2-torsionfree and or-torsionfree as a subobject of L. Hence, KL = 
KCT2L @ KM= a2L, since F, = F,, OF,,. This clearly finishes the proof because rs2L 
is injective as a direct summand of L. 
3.6. Consider a functor F: C + C’, where C and C’are Grothendieck categories. We 
fix Giraud subcategories D resp. D’ of C resp. C’ with canonical inclusion i resp. 
i’ and reflector a resp. a’. We call F compatible (with D and D’) if it has the property 
that aC= 0 for some C in C implies that a’FC=O, i.e. F maps torsion objects in C 
to torsion objects in C’ (with respect to Giraud subcategories D and D’). Equivalently, 
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if F restricts to a functor T + T’, where T resp. T’ is the torsion class (or sub- 
category) associated to D resp. D’. From now on F denotes a left exact functor from 
C to C’ and R;IF the nth derived functor of F. Then we have the following: 
3.7. Lemma. The functor F: C + C’ maps D-isomorphisms to D’-isomorphisms if 
and only if F and RAF are compatible. If D is stable then F maps D-isomorphisms 
to D’-isomorphisms if and only if F is compatible. Under these last conditions, 
REF is compatible and maps D-isomorphisms to D’-isomorphisms for all n. 
Proof. If T is a torsion object in C, then T + 0 is a D-isomorphism. Hence FT+ 0 
is a D’-isomorphism, by assumption, which means that FT is a torsion object in C’. 
On the other hand, consider the exact sequence 
O-T-E+Q+O (2) 
in C with E an injective hull of T. Because T is a torsion object, the morphism 
p : E + Q is a D-isomorphism, so Fp : FE + FQ is a D’-isomorphism. Furthermore 
if we apply F to (2) we obtain the exact sequence 
O-FT+FE+FQ+(R;F)T+O 
and thus (RAF)Tis a torsion object in C’. Conversely, if u : C + D is a D-isomorphism 
one obtains an exact sequence 
O+K+C-+D+L+O 
with K and C torsion objects. This exact sequence gives rise to two exact sequences 
O--+K+C-D’+O (3) 
resp. 
O+D’+D+L+O, (4) 
where f: C+ D’and g : D’+ D have the property that gf = u. Obviously it is enough 
to prove that Ff and Fg are D’-isomorphisms. Now (3) and (4) yield exact sequences 
O-FK+FC+FD’+(R&F)K 
resp. 
O+FD’+FD+FL. 
Using the fact that F and RAF are compatible, this immediately yields the assertion. 
For the second part of the theorem it is enough to prove that RgF is compatible 
for all n > 0 if F is. Indeed, if RCF is compatible for all n and if u : C + D is a 
D-isomorphism, we get exact sequences (3) and (4). Applying F to these exact se- 
quences yields the long exact sequences 
. . . 4 (R;F)K + (R;F)C+ (R;F)D’+ (R;+‘F)K+ ..- 
resp. 
. . . + (R;- ‘F)L + (R;F)D’ -+ (R;F)D + (R;F)L + ... . 
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Since RsFis compatible for all n, it follows that (RiF)C+ (RzF)D’and (REF)D’-+ 
(REF)D are D’-isomorphisms and hence so is (REF)C+ (REF)D. 
So let us again consider a torsion object T. Since D is stable, we may pick an 
injective resolution 
all of whose members are torsion objects. This resolution may be used to calculate 
(RcF)T. Since F respects torsion, this easily yields the assertion. 
3.8. If F: C -+ C’ is a left exact functor, then we define F: D + D’ to be the functor 
induced by F, i.e. F=a’Fi. Of course F is also left exact, so we may calculate its 
derived functors, which we will denote by RhF or just by RkF, when no ambiguity 
arises. 
Let us prove the following result: 
3.9. Proposition. If F: C + C’ is compatible then there is a canonical isomorphism 
of functors a’(REF)i = RGF for n = 0,1. If furthermore D is stable, this is true for 
all n. 
Proof. For n = 0 this is just the definition. Let D be an object in D and consider 
an injective hull E of D in D together with an exact sequence 
O-D-E-K-+0 (5) 
in D. Applying F yields an exact sequence 
O-FD-pE-tpK+(R;F)D+ . . . . 
On the other hand, the exact sequence (5) splits into two exact sequences in C, 
O-+iD+iE+L-+O (6) 
resp. 
O+L-+iKAT-+O, (7) 
where T is a torsion object in C. The first of these yields an exact sequence in C of 
the form 
0 -+ FiD + FiE -+ FL + (RA F)iD -+ 0 
since E is automatically injective in C, being injective in D. Hence, applying a’ yields 
an exact sequence 
in D. 
Next, (7) yields an isomorphism a’FL = (a’Fi)K=FK, since a’(FT) = 0, as F is 
compatible. It follows that 
(a’(RhF)i)D = Coker(FE -+ a’FL) = Coker@E --t FK) = (RhF)D. 
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Finally the general case follows by devissage, using the exact sequences (5), (6) 
and (7), since for every nr 1, there are canonical isomorphisms 
a’(Rz+ ‘F)iD = a’(RgF)L = a’(RGF)iK= (RzF)K= (Rg+ ‘F)D. 
Here, the second equality follows from Proposition 3.4, whereas the third is just the 
induction hypothesis. This finishes the proof. 
3.10. Corollary. If F: C--f C’ is compatible and if D is stable, then there is a 
canonical isomorphism of functors a’(R;IF) = (R;F)a. 
Proof. Let C be an object in C, then the ‘localizing morphism’ yields a D-isomorphism 
u : C--+ iaC. It follows that (REF)u : (RgF)C+ (R;IF)iaC is a D’-isomorphism. 
This shows that a’(REF)C= a’(RGF)iaC. However, by 3.6, the latter is canonically 
isomorphic to (RiF)aC, whence the assertion. 
4. Examples 
4.1. The main motivation for developing the theory expounded above stems from 
local cohomology and relative duality, cf. [ 171 and [lo], e.g. We start from an idem- 
potent kernel functor (3 in some (left) module category C= R-mod and we let 
D = (R, o)-mod = R-mod/T,, the quotient category at o. Any idempotent kernel 
functor T in C is a left exact functor T: C 4 C, which, in general, does not induce 
a functor D ---t D. However, if we assume cr to be stable, then D is stable and r and 
Q,, the associated localization functor, commute, cf. [l], e.g. We may apply the 
foregoing to the couple (C = R-mod, D = (R, a)-mod), endowed with the canonical 
inclusion i : (R, a)-mod + R-mod and the reflector a = a,, : R-mod + (R, o)-mod. 
In particular, if we let H,” = R”T denote generalized local cohomology at r, cf. 
[lo], then Corollary 3.10 yields for any R-module M that Q,(H:M) = (R$)Q,(M). 
In [l, lo] the functor RflT, where t=ari, is denoted by Hz, and is the main tool in 
the relative local cohomology theory developed there. Moreover, if T is also stable, 
then Q,T=~Q,, so ?=Ti, i.e. H& = ROT. Note also that, in general, ? is only a left 
exact subfunctor of the identity in D, but not necessarily an idempotent kernel func- 
tor. This is the case, however, if T is stable. Actually, H,1, is then just local 
cohomology at T (or Z) in D = (R, a)-mod. 
Of course, if R is a commutative noetherian ring, then every idempotent kernel 
functor is stable, so, for any pair (3, T of idempotent kernel functors, we have 
H:, = Q,H: i.e. localization and (relative) local cohomology ‘commute’. 
4.2. The foregoing may be slightly generalized, at least in the commutative case. ln- 
deed, if we assume R to be noetherian with respect to some idempotent kernel func- 
tor K in R-mod (i.e. Q,(R) is a noetherian object in (R, rc)-mod, cf. [16] for details 
and examples), then any idempotent kernel functor K 5 o is of finite type, cf. [ 151, 
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hence for any idempotent kernel functors K I o, T, the functors T and Q, (resp. Q, 
and Q,!) commute, cf. [16], e.g. Moreover, under the same assumptions, results in 
[l] show that the classes (R, x)-mod fl T, and (R, K)-mod fl T, are closed under injec- 
tive hulls, i.e., ‘0 and 7 are stable in (R, K)-mod’. Formally mimicking the foregoing 
then yields that the functors Q,H& and H,,.Q, coincide on K-closed R-modules. 
We leave details to the reader. 
4.3. Let us again take R arbitrary (i.e., not necessarily commutative) and let us assume 
o to be stable. For any idempotent kernel functor r in R-mod, the class T, is then 
closed under Q, and so we may apply Corollary 3.10 to the couple D = (R, o)-mod c 
C = R-mod (with canonical inclusion and reflector) and the functor Q, : C -+ C. For 
any R-module M we thus obtain a canonical isomorphism Q,(R”Q,)M= (RiQ,)Q,M. 
If T is also stable, then R”Q,M=H:+’ M, for all nzl, cf. [lo], so we get 
H:,,: '(Q,W=Q,(H,n+lM)=Q,(R"Q,)M=(R::Q,)Q,M 
for all n? 1. 
Of course, if both o and r are stable, then we know from [7] that Q,Q, = Q,Q,, 
so, a,,QJ= Q,aOi= Q, as a functor in (R, a)-mod. 
4.4. Let R be a commutative ring, A4 a finitely generated R-module and o an idem- 
potent kernel functor, then it is easy to see that for any a-torsion R-module N, the 
R-module Horn,@& N) is a-torsion as well. Indeed, since A4 is finitely generated, 
it may be globally annihilated by a single ideal Z in L(a), hence for any f E 
Hom,(M, N), we get 0 =f(ZM) =Zf(M), i.e., If =0 and f belongs to the a-torsion 
part of HomR(A4,N), indeed. 
For any finitely generated R-module M, we may thus apply the results in the 
previous section to the couple (D = (R, o)-mod, C = R-mod) (again with the obvious 
reflector and inclusion) and the functor Horn&V, -) : C --) C. 
This yields, for any R-module N, an isomorphism 
Note also that Ri Horn,@& -) is exactly the functor used in the duality theory 
developed in [lo, 171 and denoted there by Exti,,(M, -). Actually, R;1 Horn,@& -) 
is the nth derived functor of Q,(Hom,(M,-))=Hom,(M,-), as we are about to 
show, so Hom,(M,-) may be viewed as a left exact functor in (R,a)-mod and it 
makes sense to define Ext,,,(M, -) as RGHom,(M,-), cf. [lo, 171, e.g. Now, to 
prove the above isomorphism, it suffices to note that HomR(M,-) maps a-closed 
R-modules to o-closed R-modules. Pick a o-closed R-module E and write A4 as the 
cokernel of a map u : F, + F2 between free R-modules, then Hom,(M, E) is the 
kernel of the map HomR(F2,E)-t Hom,(F,,E). Each of these modules being a 
product (possibly finite) of copies of E, they are o-closed as well, hence so is 
Horn,@& E). 
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4.5. The foregoing may easily be generalized to the noncommutative case. Let A be 
an algebra over the commutative ring R and let o be an idempotent kernel functor 
in R-mod. Then o induces an idempotent kernel functor d in A-mod, the category 
of (left) A-modules, by putting aM= o( RM), for any A-module M, where RM is 
the R-module obtained from M by restricting scalars. It is fairly easy to see that 
MET, exactly when &~ET, and that L(b) consists of all A-ideals L with the pro- 
perty that L fl R E L(a). From this one may deduce that an A-module M is a-closed 
if and only if it is o-closed as an R-module and, in particular, that for any A-module 
M there is a canonical isomorphism between Q2(RM) (with its induced A-module 
structure) and Q,(M). 
Let us now assume M to be an A-bimodule, defined over R, i.e., such that the 
R-action induced by the left and by the right action of A on M coincide, then M 
induces a left exact functor Hom,(M, -) in A-mod. Moreover, essentially the same 
proof as in the commutative case, but using the above description of L(a) in terms 
of L(a), shows that we again have that this functor maps a-torsion A-modules to 
G-torsion A-modules. So, we may apply the general theory as before, and derive an 
isomorphism Extz(M,N) = Rtj HomA(M, Q,(N)). Moreover, if d is stable, then we 
recover the isomorphism Ext,,,(M, -) = Q, Ext;(M, -), whenever M is an A-bimodule 
defined over R and finitely generated as a left A-module. 
Note. At this point the following question forces itself upon the reader: if A is an 
R-algebra, as before, and o an idempotent kernel functor in R-mod, under what 
conditions is it true that CJ is stable? 
We will come back to this question elsewhere. 
4.6. The previous examples permit the following geometric interpretation. Let us 
work, for simplicity’s sake, over a commutative noetherian ring R. To any R-module 
M we associate in the usual way, cf. [6], the quasicoherent sheaf I@. If o is an idem- 
potent kernel functor in R-mod, then we associate to it the set K(a) c Spec(R) con- 
sisting of all prime idealsp with the property that o(R/p) = 0, equivalently, such that 
p $ L(o). Clearly, if 4 E K(a) and p c q, then p E K(a) as well, i.e. K(a) is generically 
closed - see 4.7 below. The set K(a) completely determines a; indeed, an arbitrary 
R-module M is o-torsion if and only if MP = 0 for all p E K(a). Moreover, for any 
R-module M we have 
WCJ),@) = Q,(M), 
where the first member denotes the module of sections of fi 1 K(a) over K(a), this 
space being endowed with the topology induced by the Zariski topology of Spec(R). 
Using Proposition 3.4 in [lo] and the foregoing yields an isomorphism of functors 
On the other hand (e.g., from [3]), we know that the category (R,a)-mod is 
canonically isomorphic to the category Q(K(o), I? 1 K(a)) of quasicoherent sheaves 
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of R 1 K(o)-modules on K(o). In particular, idempotent kernel functors and the 
associated local cohomology functors in both categories correspond bijectively. 
Choosing an idempotent kernel functor r in R-mod, and letting Z(a, T) = K(a) - K(r), 
it then easily follows that 
for any R-module M. Here H$,,, denotes local cohomology on K(a) with support 
in Z(o,s), a la Suominen [13], for example. We thus obtain that 
This isomorphism geometrically realizes previous module-isomorphisms. 
4.7. As a final example, consider a locally noetherian scheme X, then it is well 
known that Q(X, ax), the category of quasicoherent sheaves of @,-modules on X 
is a locally noetherian Grothendieck category. 
Let us call a subset Y of X closed under generization, or generically closed, if it 
has the following property: if XE X and y E Y are such that y E {xl, then XE Y. 
Clearly, Y c X is generically closed if and only if its complement Z =X- Y is a union 
of closed subsets of X. Every generically closed subset Y of X gives rise to a quotient 
category Q( Y, @r) of Q(X, ax), with the obvious restriction map, and Q( Y, 4r) 
may be checked to be a Giraud subcategory of Q(X, I?&). If X is noetherian, then 
it has been verified in [2] that every Giraud subcategory of Q(X, 6&) is of this form 
(i.e., associated to a generically closed subset Y of X) and that all of them are stable. 
In other words, all idempotent kernel functors in Q(X, ax) are essentially of the 
form r,, the support functor associated to 2=X-Y. In other words, if T is a 
localizing subcategory of Q(X, ux), then there exists a subset Z of X (which is a 
union of closed subsets of X) such that a quasicoherent sheaf & on X belongs to 
T if and only if Supp(E) c Z. Fix two generically closed subsets Y resp. Y’ of X, 
with complements Z resp. Z’. Clearly, the support functor r,, induces an idem- 
potent kernel functor r, z, in Q( Y, a,) (it is compatible with Q( Y, By) c Q(X, fix)) 
and rr,., is just the support functor with respect to Z - Y’= ZfI Z’ in Q( Y, Or). Let 
us denote the associated local cohomology in Q(Y, 6’,) by H”y,z,. The general 
theory then yields an isomorphism 
H;(-) 1 Y=Hr,.,(-). 
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